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A NOTE ON THE CONFORMAL INVARIANCE OF
G-GENERALIZED GRADIENTS
MIHAELA PILCA
Abstract. We consider generalized gradients in the general context of G-structures. They
are natural first order differential operators acting on sections of vector bundles associated
to irreducible G-representations. We study their geometric properties and show in particular
their conformal invariance.
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1. Introduction
The purpose of this note is to introduce generalized gradients associated to G-structures
and to study their geometric properties. Our main result is their conformal invariance (see
Propositions 3.6 and 3.7).
The classical notion of generalized gradients, also called Stein-Weiss operators, was first
introduced by Stein and Weiss, [23], on an oriented Riemannian manifold, as a generalization
of the Cauchy-Riemann equations. They are first order differential operators acting on sections
of vector bundles associated to irreducible representations of the special orthogonal group (or of
the spin group, if the manifold is spin), which are given by the following universal construction:
one projects onto an irreducible subbundle the covariant derivative induced on the associated
vector bundle by the Levi-Civita connection (or, more generally, by any metric connection).
Some of the most important first order differential operators which naturally appear in
geometry are, up to normalization, particular cases of generalized gradients. For example, on
a Riemannian manifold, the exterior differential acting on differential forms, its formal adjoint,
the codifferential, and the conformal Killing operator on 1-forms are generalized gradients. On
a spin manifold, classical examples of generalized gradients are the Dirac operator, the twistor
(or Penrose) operator and the Rarita-Schwinger operator.
An essential property of generalized gradients is their invariance at conformal changes of
the metric. This property was noticed for the first time in 1974 by Hitchin, [10], in the case
of the Dirac and the twistor operator in spin geometry and it turned out to have important
consequences in physics. Two years later, Fegan, [7], showed that, up to the composition with
a bundle map, the only conformally invariant first order differential operators between vector
bundles associated to the bundle of oriented frames are the generalized gradients. Further
results in this direction were obtained by Homma, [11], [12], [14], for the conformal invariance
of generalized gradients associated to U(n), Sp(n) and Sp(1) ·Sp(n)-structures. For these
The financial support of the Graduate School 1269 “Global Structures in Geometry and Analysis” supported
by DFG and the Mathematical Institute of University of Cologne is gratefully acknowledged.
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subgroups, Homma’s proof of conformal invariance is given by explicit computations based
on the relationship between the enveloping algebra of the Lie algebra of G and the algebraic
structure of the principal symbols of generalized gradients.
We propose in this note a unitary proof of the conformal invariance for the known cases and,
more generally, for all G-generalized gradients, where the G-structure is any of the interesting
geometric structures that are mostly encountered in literature, i.e. G is one of the groups:
SO(n), U(n2 ), SU(
n
2 ), Sp(
n
4 ), Sp(1) ·Sp(
n
4 ), G2 or Spin(7). The main tools of our proof are
the Weyl structures and the so-called conformal weight operator. We mention that such an
approach was suggested by Gauduchon, [9], for the case of SO(n)-generalized gradients. We
also give some consequences and applications of the conformal invariance of G-generalized
gradients.
acknowledgment. This note is a part of my Ph.D. thesis. I thank very much my supervisor
Uwe Semmelmann for suggesting me this topic.
2. Generalized Gradients of G-Structures
We first briefly recall the general construction of generalized gradients given by Stein and
Weiss, [23], on an oriented Riemannian (spin) manifold, i.e. for the structure group SO(n)
(or Spin(n)), and then we show how this construction can be carried over to G-structures.
2.1. SO(n) and Spin(n)-Generalized Gradients. Let us first state the general context, fix
the notations and briefly recall the representation theoretical background needed to define the
generalized gradients. The description of the representations of so(n), the Lie algebra of SO(n),
differs slightly according to the parity of n. We write n = 2m if n is even and n = 2m+ 1 if
n is odd, where m is the rank of so(n). Let {e1, . . . , en} be a fixed oriented orthonormal basis
of Rn, so that {ei ∧ ej}i<j is a basis of the Lie algebra so(n) ∼= Λ
2
R
n. We also fix a Cartan
subalgebra h of so(n) by the basis {e1 ∧ e2, . . . , e2m−1 ∧ e2m} and denote the dual basis of h
∗
by {ε1, . . . , εm}. The Killing form is normalized such that this basis is orthonormal. Roots
and weights are given by their coordinates with respect to the orthonormal basis {εi}i=1,m.
Finite-dimensional complex irreducible so(n)-representations are parametrized by dominant
weights, i.e. those weights whose coordinates are either all integers or all half-integers,
λ = (λ1, . . . , λm) ∈ Z
m ∪ (12 + Z)
m and which satisfy the inequality:
λ1 ≥ λ2 ≥ · · ·λm−1 ≥ |λm|, if n = 2m, or
λ1 ≥ λ2 ≥ · · · λm−1 ≥ λm ≥ 0, if n = 2m+ 1.
(2.1)
Through this parametrization a dominant weight λ is the highest weight of the corresponding
representation. With a slight abuse of notation, we use the same symbol for an irreducible
representation and its highest weight. The representations of so(n) are in one-to-one cor-
respondence with the representations of the corresponding simply-connected Lie group, i.e.
Spin(n), the universal covering of SO(n). The representations which factor through SO(n)
are exactly those with λ ∈ Zm. For example, the (complex) standard representation, denoted
by τ , is given by the weight (1, 0, . . . , 0); the weight (1, . . . , 1, 0, . . . , 0) (with p ones) corre-
sponds to the p-form representation ΛpRn, whereas the dominant weights λ = (1, . . . , 1,±1),
for n = 2m, correspond to selfdual, respectively antiselfdual m-forms; the representation of
totally symmetric traceless tensors Sp0R
n has highest weight (p, 0, . . . , 0).
A NOTE ON THE CONFORMAL INVARIANCE OF G-GENERALIZED GRADIENTS 3
The following so-called classical selection rule (see [7]) describes the decomposition of the
tensor product τ ⊗ λ into irreducible so(n)-representations, where τ is the standard represen-
tation and λ is any irreducible representation.
Lemma 2.1. An irreducible representation of highest weight µ occurs in the decomposition of
τ ⊗ λ if and only if the following two conditions are fulfilled:
(i) µ = λ± εj , for some j = 1, . . . ,m, or n = 2m+ 1, λm > 0 and µ = λ,
(ii) µ is a dominant weight, i.e. satisfies the inequality (2.1).
We adopt the same terminology as in [22] and call relevant weights of λ (and write ε ⊂ λ)
those weights ε of τ , ε ∈ {0,±ε1, . . . ,±εm}, with the property that λ + ε occurs in the
decomposition of τ ⊗λ. The decomposition of the tensor product is then expressed as follows:
τ ⊗ λ = ⊕
ε⊂λ
(λ+ ε). (2.2)
The essential property of the decomposition (2.2) is that it is multiplicity-free, i.e. the iso-
typical components are actually irreducible. It thus follows that the projections onto each
irreducible summand λ+ ε in the splitting are well-defined; we denote them by Πε.
Let (M,g) be a Riemannian manifold, SOgM denotes the principal SO(n)-bundle of oriented
orthonormal frames and ∇ any metric connection, considered either as a connection 1-form
on SOgM or as a covariant derivative on the tangent bundle TM. If M has, in addition,
a spin structure, then we consider the corresponding principal Spin(n)-bundle, denoted by
SpingM , and the induced metric connection. We consider vector bundles associated to SOgM
(or SpingM) and irreducible SO(n) (Spin(n))-representations of highest weight λ and denote
them by VλM . For instance, the tangent bundle is associated to the standard representation
τ : SO(n) →֒ GL(Rn) and the bundle of p-forms is associated to the irreducible representation
of highest weight λ = (1, . . . , 1, 0, . . . , 0) (with p ones). We identify the cotangent bundle
T∗M and the tangent bundle TM using the metric g, since they are associated to equivalent
SO(n)-representations. The decomposition (2.2) carries over to the associated vector bundles:
T∗M⊗ VλM ∼= TM⊗ VλM ∼= ⊕
ε⊂λ
Vλ+εM (2.3)
and the corresponding projections are also denoted by Πε.
A metric connection ∇ on SOgM (or SpingM) induces on any associated vector bundle
VλM a covariant derivative, denoted by ∇
λ : Γ(VλM) → Γ(T
∗M ⊗ VλM). The generalized
gradients are then built-up by projecting ∇λ onto the irreducible subbundles Vλ+εM given by
the splitting (2.3).
Definition 2.2. Let (M,g) be a Riemannian manifold, ∇ a metric connection and VλM
the vector bundle associated to the irreducible SO(n) (or Spin(n))-representation of highest
weight λ. For each relevant weight ε of λ, i.e. for each irreducible component in the decom-
position of T∗M⊗ VλM , there is a generalized gradient P
∇λ
ε defined by the composition:
Γ(VλM)
∇λ
−−→ Γ(TM⊗ VλM)
Πε−→ Γ(Vλ+εM). (2.4)
The classical case is when∇ is the Levi-Civita connection. The examples given in the sequel
are of this type. However, generalized gradients may be defined by any metric connection.
Those defined by the Levi-Civita connection play an important role since they are conformal
invariant (see § 3).
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Example 2.3 (Generalized Gradients on Differential Forms). We consider the bundle of p-
forms, ΛpM , on a Riemannian manifold (Mn, g) and assume for simplicity that n = 2m + 1
and p ≤ m − 1. The highest weight of the representation is λp = (1, . . . , 1, 0, . . . , 0) and, by
the selection rule in Lemma 2.1, it follows that there are three relevant weights for λp, namely
−εp, εp+1 and ε1. The tensor product then decomposes as follows:
TM⊗ ΛpM ∼= Λp−1M ⊕ Λp+1M ⊕ Λp,1M,
where the last irreducible component is the Cartan summand (whose highest weight is equal
to the sum of the highest weights of the factors of the tensor product). The generalized
gradients in this case are, up to a constant factor, the following: the codifferential, δ, the
exterior derivative, d, and respectively the so-called twistor operator, T .
Example 2.4 (Dirac and Twistor Operator). The spinor representation ρn :Spin(n)→Aut(Σn),
with n odd, is irreducible of highest weight (12 , . . . ,
1
2) and accordingly, on a spin manifold, the
tensor product bundle splits into two irreducible subbundles as follows:
TM⊗ ΣM ∼= ΣM⊕ ker(c),
where c : TM×ΣM→ ΣM denotes the Clifford multiplication of a vector field with a spinor.
There are thus two generalized gradients: the Dirac operator D, which is locally explicitly
given by the formula: Dϕ =
∑n
i=1 ei · ∇eiϕ, for all ϕ ∈ Γ(ΣM) (where {ei}i=1,n is a local
orthonormal basis and the middle dot is a simplified notation for the Clifford multiplication)
and the twistor (Penrose) operator T : TXϕ = ∇Xϕ+
1
nX ·Dϕ.
For n even, the spinor representation splits with respect to the action of the volume element
into two irreducible subrepresentations, Σn = Σ
+
n ⊕ Σ
−
n , of highest weights (
1
2 , . . . ,
1
2 ,±
1
2),
whose elements are usually called positive, respectively negative half-spinors. Accordingly,
there is a splitting of the spinor bundle: ΣM = Σ+M ⊕ Σ−M and the decomposition of the
tensor product is then given by: T∗M ⊗ Σ±M = Σ∓M ⊕ ker(c). Again the projections onto
the first summand correspond to the Dirac operator and onto ker(c) to the twistor operator.
Example 2.5 (Rarita-Schwinger Operator). Let n ≥ 3 be odd and consider the so-called
twistor bundle, which is the target bundle of the twistor operator acting on spinors, denoted
by Σ3/2M. This is the vector bundle associated to the irreducible Spin(n)-representation of
highest weight (32 ,
1
2 , ·,
1
2). If n ≥ 5, it follows from the selection rule in Lemma 2.1 that
there are four relevant weights: 0, −ε1, +ε1, +ε2 and the corresponding four gradient targets
are: Σ3/2M itself, the spinor bundle ΣM, the associated vector bundles to the irreducible
representations of highest weights (52 ,
1
2 , . . . ,
1
2), respectively (
3
2 ,
3
2 ,
1
2 , . . . ,
1
2). If n = 3 the last
of these targets is missing. The generalized gradient corresponding to the relevant weight
ε = 0 is denoted by D3/2 := P
(3/2,1/2,...,1/2)
0 . This operator is well-known especially in the
physics literature and is called the Rarita-Schwinger operator.
If n is even, n = 2m, then the two bundles defined by the Cartan summand in T∗M ⊗ Σ±M
have highest weights (32 ,
1
2 , . . . ,
1
2 ,±
1
2 ) and the corresponding Rarita-Schwinger operators are
the generalized gradients denoted by: D±3/2 = P
(3/2,1/2,...,1/1,±1/2)
∓εm : Γ(Σ
±
3/2M)→ Γ(Σ
∓
3/2M).
2.2. Generalized Gradients of G-Structures. Essentially the same construction as above
may be used to define generalized gradients associated to a G-structure. On a differentiable
manifold M of dimension n, GLnM denotes the bundle of linear frames over M . If G is a Lie
subgroup of GL(n,R), then a G-structure on M is a differentiable subbundle of GLnM with
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structure group G. The existence of a G-structure on a manifold is a topological condition.
As we are mainly interested in Riemannian geometry, we will consider in the sequel G to be
one of the subgroups of SO(n) which arise in important geometric situations and are mostly
encountered in literature. These groups are exactly the ones in Berger’s list of holonomy
groups. Thus, in the sequel, we assume that
G ∈
{
SO(n),U
(n
2
)
,SU
(n
2
)
,Sp
(n
4
)
,Sp(1)·Sp
(n
4
)
, G2,Spin(7)
}
, (2.5)
where in the last two cases the dimension of the manifold is assumed to be 7, respectively 8.
Notice that all the groups in (2.5) are compact. Moreover, their Lie algebras are simple, except
for u(n2 ) = iR⊕su(
n
2 ), which has a 1-dimensional center and sp(1)⊕su(
n
4 ), which is semisimple.
Every finite-dimensional representation of a compact Lie group G is equivalent to a unitary
one, so that it can be decomposed as a direct sum of irreducible representations. Thus,
without loss of generality, we consider in the sequel complex finite-dimensional irreducible
representations of G, which are parametrized by the dominant weights. In Table 1 we wrote
down the suitable positivity conditions that define the dominant weights for each group in
(2.5). The coordinates of the weights are given with respect to a chosen basis of a fixed
Cartan subalgebra of the Lie algebra g of G.
In order to construct geometric first order differential operators of a G-structure, the natural
starting point is, by analogy to the SO(n)-case, a connection on the principal G-bundle. The
general setting is now the following: there exists a G-structure on M , denoted by GM , and
∇ is a connection on GM ; for a finite-dimensional complex irreducible G-representation of
highest weight λ, VλM denotes the associated vector bundle and ∇
λ the covariant derivative
induced by ∇ on VλM . We consider the restriction of the standard representation τ to the
subgroup G and further denote it by τ . The associated vector bundle to GM and τ is just the
tangent bundle TM. The real G-representation τ is irreducible, because the groups in (2.5)
are known to act transitively on the unit sphere in Rn. The complexification of τ remains an
irreducible G-representation, except for the unitary and special unitary group, when it splits
into two irreducible summands.
The main ingredient needed to define the notion of G-generalized gradient is the following
representation theoretical result (see also [22]):
Theorem 2.6. Let G be one of the groups considered above, τ the restriction of the standard
representation to G and λ an irreducible G-representation. The decomposition of the tensor
product τ ⊗ λ = Rn ⊗R λ ∼= C
n ⊗C λ is described as follows:
τ ⊗ λ = ⊕
ε⊂λ
(λ+ ε), (2.6)
where by ε ⊂ λ we denote the relevant weights of λ. Moreover, the relevant weights are
described by the following selection rule: a weight ε of τ is relevant for λ if and only if
λ+ ε is a dominant weight, with the exception of the weight ε = 0, which occurs only for the
groups G2 and SO(n) with n odd. For ε = 0 a stronger condition must be fulfilled, namely:
λ − λτ , respectively λ − λΣn are dominant weights, where λτ and λΣn are the highest weight
of the standard representation of g2, respectively of the spinor representation of so(n). The
decomposition (2.6) carries over to vector bundles:
T∗M⊗R VλM = (T
∗M)C ⊗C VλM = ⊕
ε⊂λ
Vλ+εM. (2.7)
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For the proof of Theorem 2.6 we mention that the decomposition (2.6) is a special case of an
important result in representation theory, sometimes called the general Clebsch-Gordan theo-
rem, which provides formulas for the multiplicities of the irreducible components of the tensor
product of two irreducible representations of a semisimple Lie algebra. There are different
methods to compute these multiplicities, most of them being based on Weyl’s character for-
mula or, equivalently, on Kostant’s formula for the multiplicity of a weight. For instance, the
more particular question on which tensor products of simple Lie algebras are multiplicity-free
is completely answered. The pairs of fundamental weights ω1, ω2 such that the tensor product
m1ω1⊗m2ω2 is multiplicity-free for allm1,m2 ≥ 0 are classified by Littelmann, [17], and, more
generally, the multiplicity-free tensor products of simple Lie algebras have been completely
classified by Stembridge, [24], and independently, for the exceptional Lie algebras, by King
and Wybourne, [16]. From their classification it follows in particular that the decomposition
of τ ⊗ λ is multiplicity-free. However, this tensor product is a very special case, because τ
is the standard representation. In [20] we give a direct proof, also based on Weyl’s character
formula, of the fact that the splitting (2.6) is multiplicity-free. Moreover, the argument yields
the stated characterization of the relevant weights.
As the tensor product T∗M⊗ VλM is multiplicity-free (by Theorem 2.6), it follows that its
decomposition is unique and the projections onto the irreducible subbundles are well-defined
(otherwise one may just define the projections onto the isotypical components). This allows
us to define the G-generalized gradients as follows:
Definition 2.7. Let (M,g) be a Riemannian manifold carrying a G-structure and λ be an
irreducible G-representation. The G-generalized gradient P∇
λ
ε , corresponding to the relevant
weight ε of λ, acting on sections of VλM , is defined by the composition:
Γ(VλM)
∇λ
−−→ Γ(TM∗ ⊗ VλM)
Πε−→ Γ(Vλ+εM), (2.8)
where ∇λ is the connection induced on VλM by a G-connection ∇ and Πε is the projection
onto the subbundle Vλ+εM .
The Definition 2.7 may be given more generally, for any group G ⊆ GL(n) which satisfies the
technical condition (2.6), i.e. such that the tensor product of any G-irreducible representation
with the restriction of the standard GL(n)-representation is multiplicity-free.
Notice that N(λ) := ♯{ε| ε is a relevant weight of λ} ≤ dim(τ), so that there are at most n
generalized gradients for each dominant weight λ and this is the generic case.
Example 2.8 (Holomorphic and Anti-Holomorphic Generalized Gradients). If G is U(n2 ) or
SU(n2 ), then the decomposition of the complexified tangent bundle into the eigenspaces i and
−i of the corresponding almost complex structure of the manifold: TCM = T 1,0M ⊕ T 0,1M ,
yields a splitting of the covariant derivative: ∇λ = (∇λ)1,0 + (∇λ)0,1. Consequently, the
set of U(n2 ) or SU(
n
2 )-generalized gradients acting on sections of an irreducible vector bundle
VλM splits into two subsets, namely the sets of gradients factorizing over the complementary
projections:
Γ(T 0,1M ⊗C VλM)
Πε // Γ(Vλ+εM)
Γ(VλM)
∇λ // Γ(TCM ⊗C VλM)
pr1,0 11ccccccccccc
pr0,1
--[[[[[[
[[[
[[
Γ(T 1,0M ⊗C VλM)
Πε′ // Γ(Vλ+ε′M),
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which are called holomorphic, respectively anti-holomorphic generalized gradients. This ap-
parently skewed notation is due to the isomorphisms T 1,0 ∼= (T 0,1)∗ and T 0,1 ∼= (T 1,0)∗. We
notice that the weights of T 1,0 are equal to those of T 0,1 with opposite sign.
On a Ka¨hler spin manifold of complex dimension m, examples of U(m)-generalized gradients
are the projections of the Dirac operator, D+ and D−, and the twistor operator of type r, Tr,
for r = 0, . . . ,m, which act on sections of the irreducible subbundles ΣrM of the spinor bundle
(see [19] for details).
Remark 2.9. The exceptional case of the zero weight in the selection rule in Theorem 2.6
provides interesting generalized gradients, which have the same source and target bundle,
so that in particular they have spectra. In this case the corresponding generalized gradient
carries sections of VλM to sections of a copy of VλM which is a subbundle in T
∗M ⊗ VλM .
Examples of such generalized gradients are the following: the Dirac operator, the Rarita-
Schwinger operator, ∗d acting on n−12 -forms in odd dimension n ≥ 3. Explicit computations
of the spectra of these operators have been done on certain manifolds, for instance by Branson,
[4], on spheres. In general, there exist only estimates of the eigenvalues of these operators.
3. The Conformal Invariance of G-Generalized Gradients
In this section we prove that the generalized gradients associated to a G-structure are
conformally invariant. We show that the connection which ensures the conformal invariance of
G-generalized gradients is the minimal connection of the G-structure. The classical conformal
invariance (for the groups SO(n) and Spin(n)) established by Fegan, [7], follows then as a
special case, since the minimal connection of an SO(n)-structure coincides with the Levi-
Civita connection.
As mentioned above, the conformal invariance was shown by Homma, [11], [12], [14], for
the generalized gradients associated to U(n), Sp(n) and Sp(1) ·Sp(n)-structures. For these
subgroups Homma’s proof of the conformal invariance is given by explicit computations, based
on the relation between the enveloping algebra of the Lie algebra of G and the algebraic
structure of the principal symbols of generalized gradients. Our approach uses the framework
of conformal geometry and has the advantage that, on the one hand, it leads us to a more
general result and, on the other hand, gives a uniform and direct proof of all known cases,
avoiding the specific computations for each subgroup.
3.1. Main Result. Let (M, c) be an oriented n-dimensional manifold with a conformal struc-
ture, i.e. an equivalence class of Riemannian metrics, where two metrics are equivalent g¯ ∼ g
if there exists a function u : M → R such that g¯ = e2ug. In the language of G-structures this is
equivalent to a reduction of the structure group of the tangent bundle to the conformal group
CO(n) = {A ∈ GL(n,R)|AtA = aIn, a > 0} ∼= R
∗
+ × SO(n) = {aA| a ∈ R
∗
+, A ∈ SO(n)}.
Each irreducible representation of CO(n), λ˜ : CO(n)→ Aut(V ), is identified with a couple
(λ,w), where λ is the restriction of λ˜ to SO(n), which is still an irreducible representation,
and w, the weight of λ˜, is determined by the restriction of λ˜ to R∗+, which is of the form:
λ˜(a) = aw · I, a ∈ R∗+, (3.1)
where I is the identity of V and the weight w is a real or complex number, depending on
whether V is a real or complex representation. Let Vλ˜M denote the vector bundle on M
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associated to λ˜ and to the principal CO(n)-fiber bundle of oriented c-orthonormal frames
on (M, c), denoted by COnM , and call it of (conformal) weight w. Notice that any vector
bundle on M determined by GLnM and a linear representation of GL(n,R) has a natural
weight, which is the weight of the restriction of this representation to CO(n). For example,
the natural conformal weight of TM is 1 and of T∗M is −1.
Let us first recall the definition of a Weyl structure.
Definition 3.1. A Weyl structure on (M, c) is a linear connection D on TM, which is con-
formal, i.e. induced by a CO(n)-equivariant connection on COnM and symmetric, i.e. has
no torsion.
A Weyl structure D is called closed if it is locally the Levi-Civita connection of a local
metric in the conformal class c and it is called exact if it is globally the Levi-Civita connection
of a metric in c. The Weyl structures on the conformal manifold (M, c) form an affine space
modeled on the space of real 1-forms on M . More precisely, two Weyl structures are related
by:
D2 = D1 + θ˜, (3.2)
where θ is a real 1-form on M and θ˜ is the 1-form with values in the adjoint bundle (the one
associated to the adjoint representation of CO(n) on its Lie algebra co(n)), identified with θ
by: θ˜(X) = θ(X) · I + θ ∧X, where θ ∧X is the skew-symmetric endomorphism defined as:
(θ ∧X)(Y ) = θ(Y )X − g(X,Y )θ♯, for any metric g in the conformal class and θ♯ the dual of
θ with respect to the metric g.
Each conformal connection on TM, in particular any Weyl structure D, induces for each
linear representation λ˜ : CO(n)→ Aut(V ) a covariant derivative Dλ˜ on the associated vector
bundle Vλ˜M . If D1 and D2 are related by (3.2), then the induced covariant derivatives D
λ˜
1
and Dλ˜2 satisfy:
Dλ˜2 = D
λ˜
1 + dλ˜(θ˜) = D
λ˜
1 +
n∑
i=1
e∗i ⊗ dλ(θ ∧ ei) + w θ ⊗ I, (3.3)
where {ei}i=1,n is an orthonormal (conformal) frame at the point considered, {e
∗
i }i=1,n is the
(algebraic) dual frame and λ˜ is identified as above with (λ,w).
By τ we denote, as above, the standard representation of SO(n) on Rn, identified with
its dual (Rn)∗, and also the representation of weight −1 of CO(n) on (Rn)∗. The associated
vector bundles to τ and COnM , respectively SOgM , are canonically identified to T
∗M.
Suppose now that the Riemannian manifold (M,g) admits a reduction of the orthonormal
frame bundle SOgM to a subbundle GM with structure group G, where G ⊆ SO(n) is a
closed subgroup of the special orthogonal group SO(n). First we need to establish which
special connection plays for a G-structure the role of the Levi-Civita connection and yields
the conformal invariance of generalized gradients. This is the so-called minimal connection of
a G-structure. We now recall its definition.
Let g ⊆ so(n) be the Lie algebra of G and decompose the Lie algebra so(n) of all skew-
symmetric matrices as the direct sum of g and its orthogonal complement: so(n) = g⊕ g⊥.
The projections onto g and g⊥ are denoted by prg, respectively prg⊥ . The Levi-Civita con-
nection seen as a connection form is a 1-form ωLC on SOgM with values in the Lie algebra
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so(n). Restricting ωLC to the subbundle GM and decomposing it with respect to the above
splitting, we get:
ωLC = prg(ω
LC) + prg⊥(ω
LC) = ωG + T, (3.4)
where ωG is a connection form on GM and T is a 1-form on M with values in the associated
vector bundle GM×Gg
⊥. The connection corresponding to the connection 1-form ωG is called
the minimal connection of the G-structure and is denoted by ∇G. T is called the intrinsic
torsion of the G-structure and is a measure for how much the G-structure fails to be integrable.
More precisely, a G-structure is integrable if and only if its intrinsic torsion vanishes, which
means that the Levi-Civita connection restricts to GM and its holonomy group is contained
in G. Otherwise stated, the intrinsic torsion is the obstruction for the Levi-Civita connection
to be a G-connection.
In the sequel we consider the generalized gradients of a G-structure defined by its minimal
connection. They are denoted as follows:
PG,λε = Πε ◦ ∇
G,λ : Γ(VλM)→ Γ(Vλ+εM), (3.5)
where ∇G,λ is the connection induced by the minimal connection ∇G on VλM .
If g and g¯ are two conformally related metrics, there is a corresponding conformal change
of the G-structure, denoted, with a slight abuse of notation, by G¯M , which is the image of
GM under the following principal bundle isomorphism between SOgM and SOg¯M :
Φg,g¯ : SOgM → SOg¯M, {e1, . . . , en} 7→ {e
−ue1, . . . , e
−uen}. (3.6)
Then the following commutative diagram holds, where all the arrows are the natural inclusions:
GM
  //

(R∗+ ×G)M

G¯M?
_oo

SOgM
  // COnM SOg¯M?
_oo
The right and left squares of the diagram are still commutative, when considering the minimal
connections. More precisely, for instance for the left square, this means that the extension DG
of the minimal connection ∇G to (R∗+×G)M coincides with the projection onto R⊕g ⊆ co(n)
of the Weyl connection Dg on COnM given by the extension of the Levi-Civita connection
∇g to COnM .
Any irreducible representation of R∗+ × G is parametrized by λ˜ = (λ,w), where λ is the
highest weight of its restriction to G and w is its weight, determined by the restriction to R∗+,
as in (3.1). The tensor product τ ⊗ λ˜, where τ is the restriction of the standard representation
to R∗+ × G, has then weight w − 1 and it has as R
∗
+ × G and G-representation the same
decomposition into irreducible components of multiplicity 1, as described by Theorem 2.6.
We now consider the same construction of generalized gradients as in Definition 2.7, starting
with a Weyl structure on COnM . Let λ be an irreducible G-representation. Then, for any
weight w, there is an irreducible representation λ˜ = (λ,w) of R∗+ × G and the natural first
order differential operators acting on sections of the associated bundle Vλ˜M are defined by:
PD,λ˜ε = Πε ◦D
G,λ˜, (3.7)
for the connection DG given by the projection onto (R∗+ × G)M of a Weyl connection D on
COnM . We then have the following definition:
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Definition 3.2. The operator PG,λε is called conformal invariant relative to the weight w if
the operators defined by (3.7) do not depend on the Weyl structure whose projection onto the
principal subbundle (R∗+ ×G)M defines the generalized gradients P
D,λ˜
ε .
It turns out that these weights, with respect to which the generalized gradients are confor-
mally invariant, are exactly the eigenvalues of the so-called conformal weight operator. Let us
first recall its definition (see [7] and [22]):
Definition 3.3. The conformal weight operator of a G-representation λ, λ : G→ Aut(V ), is
the endomorphism defined as follows:
Bλ
g
: (Rn)∗ ⊗ V → (Rn)∗ ⊗ V, Bλ
g
(α⊗ v) =
n∑
i=1
e∗i ⊗ dλ(prg(ei ∧ α))v, (3.8)
where {ei}1,n is an orthonormal basis of R
n and {e∗i }1,n the dual basis. The operator B
λ
g
is (τ ⊗ λ˜)-equivariant for any weight w, λ˜ = (λ,w). We also denote by Bλg the induced
endomorphism on the associated vector bundle T∗M⊗ Vλ˜M .
Since the algebraic endomorphism Bλg is (R
∗
+×G)-equivariant and the decomposition (2.6)
is multiplicity-free, it follows from Schur’s Lemma that Bλ
g
acts on each irreducible component
of the decomposition (2.6) by multiplication with a scalar.
We show in the sequel that the conformal weight operator Bλg may be expressed in terms
of the Casimir operators and then explicitly compute its eigenvalues. Let us recall that the
Casimir operator of a G-representation λ is defined by:
Cλ = −
∑
α
dλ(Xα) ◦ dλ(Xα), (3.9)
where {Xα}α is an orthonormal basis of g, so that C
λ is defined only up to a constant.
In formula (3.10) the Casimir operators are normalized with respect to the invariant scalar
product induced on g ⊆ so(n) ∼= Λ2Rn, 〈X,Y 〉 = −12tr(XY ). Usually it is convenient to
compute the Casimir operators with respect to a chosen scalar product and then to renormalize
them. If the representation λ is irreducible, it follows from Schur’s Lemma that Cλ acts as a
scalar c(λ), called the Casimir number; it is a real strictly positive number, except for the trivial
representation, when it is zero. The Casimir numbers may be computed by Freudenthal’s
formula: c(λ) = 〈λ, λ + 2δ〉, where δ is the Weyl vector of g, i.e. is equal to half the sum of
the positive roots, and are then renormalized as follows:
cΛ
2
(λ) = 2
dim(g)
n
c(λ)
c(τ)
.
Lemma 3.4 (Fegan’s Lemma, [7]). The conformal weight operator Bλ
g
is equal to
Bλ
g
=
1
2
(Cτ⊗λ − I|R∗ ⊗ C
λ − Cτ ⊗ I|V ). (3.10)
It is then straightforward the following:
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Corollary 3.5. The conformal weight operator Bλ
g
acts on each G-irreducible summand λ+ε
in the decomposition τ ⊗ λ = ⊕
ε⊂λ
(λ+ ε) by multiplication with the scalar wε(λ) given by:
wε(λ) =
1
2
(cΛ
2
(λ+ ε)− cΛ
2
(λ)− cΛ
2
(τ)) =
dim(g)
n
|ε|2 + 2〈λ+ δ, ε〉 − 〈τ + 2δ, τ〉
〈τ + 2δ, τ〉
. (3.11)
In particular, it follows that the eigenspaces of the conformal weight operator Bλg are com-
patible with the irreducible decomposition of the tensor product τ ⊗ λ.
We may now show the conformal invariance of G-generalized gradients:
Proposition 3.6. The operator PG,λε is conformally invariant relative to the weight wε(λ)
and this is the only weight with respect to which this operator is conformally invariant.
Proof: Let D1 and D2 be any two Weyl connections. Then there is a real 1-form θ on
M such that (3.2) holds. As above DGi denotes the projection of Di onto the principal G-
subbundle. The connections induced by DG1 and D
G
2 on the associated vector bundle VλM
are then related as follows:
DG,λ˜2 = D
G,λ˜
1 + dλ˜(prg(θ˜)) = D
G,λ˜
1 +
n∑
i=1
e∗i ⊗ dλ(prg(θ ∧ ei)) + w θ ⊗ I, (3.12)
where {ei}i=1,...,n is a conformal frame and {e
∗
i } the dual frame. Thus, with respect to the
conformal weight operator, we obtain:
(DG,λ˜2 −D
G,λ˜
1 )(ξ) = w θ ⊗ ξ −B
λ
g(θ ⊗ ξ), for all ξ ∈ Γ(Vλ˜M). (3.13)
Projecting now equation (3.13) onto the summand λ + ε of the decomposition of the tensor
product τ ⊗ λ, we get:
(PD2,λ˜ε − P
D1,λ˜
ε )(ξ) = (w − wε)Πε(θ ⊗ ξ), for all ξ ∈ Γ(Vλ˜M). (3.14)
Hence, the generalized gradient PG,λε is conformally invariant relative to the weight w if and
only if w = wε(λ). 
The next result expresses the conformal invariance directly in terms of the minimal connec-
tions of two conformally related G-structures.
Proposition 3.7. The following statements are equivalent:
(1) PG,λε is conformally invariant relative to the weight wε.
(2) If GM and G¯M are conformally related G-structures, for g¯ = e2ug and GM¯ →֒ SOg¯M ,
then the corresponding generalized gradients are related by:
P¯G,λε ◦ φ
G,G¯
wε = φ
G,G¯
wε−1
◦ PG,λε , (3.15)
where for any weight w, φG,G¯w is the isomorphism between the associated vector bundles
V Gλ M := GM ×G V and V
G¯
λ M := G¯M ×G V , defined by:
φG,G¯w : V
G
λ M → V
G¯
λ M, [(e1, . . . , en), v] 7→ [(e
−ue1, . . . , e
−uen), e
wuv].
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Proof: We consider the following diagram:
Γ(V Gλ M)
∇G,λ

Γ(V(λ,wε)M)
φGwε
∼
oo
DG,(λ,wε)

DG¯,(λ,wε)

φG¯wε
∼
// Γ(V G¯λ M)
∇G¯,λ

Γ(T∗M⊗ V Gλ M)
Πε

Γ(T∗M⊗ VλM)
Πε

Γ(T∗M⊗ V G¯λ M)
Πε

Γ(V Gλ+εM) Γ(V(λ+ε,wε−1)M)
φGwε−1
∼
oo
φG¯wε−1
∼
// Γ(V G¯λ+εM)
where DG is the minimal connection of the G-structure extended to the (R∗+ ×G)-principal
bundle (which may also be seen as the projection onto g of the Weyl connection given by
the extension of the Levi-Civita connection of the metric g) and DG,(λ,wε) is the induced
connection on the vector bundle Vλ˜M associated to the irreducible representation λ˜ = (λ,wε).
The isomorphisms in the diagram are defined by:
φGw : V(λ,w)M → V
G
λ M, φ
G
w([(f1, . . . , fn), v]) = [(e1, . . . , en), a
wv],
where fi = aei, i = 1, . . . , n and {ei}1,n is an orthonormal basis with respect to the metric
g. With this notation we have: φG,G¯w = φG¯w ◦ (φ
G
w)
−1. The left and right “squares” of the
diagram separately commute by the definition of the induced connection on an associated
vector bundle.
Suppose now that (1) holds. Then the whole diagram commutes, since then for the weight
wε the compositions “in the middle” give the same operator (as P
D,λ˜
ε = Πε ◦D
G,λ˜ does not
depend on the Weyl structure D). The composition on its “boundary” gives (2).
For the implication (2) ⇒ (1) we first notice that if (3.15) holds for a weight w and for
any two conformally related G-structures, then the above diagram is commutative. Thus,
the operator PD,λ˜ε is the same for all Weyl structures given by the minimal connections of
conformally related G-structures. Then, (3.14) implies that (w − wε)Πε(θ ⊗ ξ) = 0, for any
exact 1-form θ on M and any section ξ ∈ Γ(Vλ˜M). At some fixed point on M , it follows that
(w − wε)Πε(α⊗ v) = 0, for all α⊗ v ∈ (R
n)∗ ⊗ V , which shows that w = wε. Substituting in
(3.14), it follows that P g,λε is conformally invariant relative to the weight wε. 
In conclusion, the explicit formula (3.11) allows us to compute the eigenvalues of the con-
formal weight operator Bλg of a G-structure for any irreducible representation λ, and thus,
by Propositions 3.6 and 3.7, to determine the conformal weights of the G-generalized gra-
dients. For completeness we give in Table 1 the explicit values of the conformal weights of
G-generalized gradients for all subgroups G in (2.5).
Example 3.8 (Holomorphic and Anti-Holomorphic Generalized Gradients, continued). The
eigenvalues of the conformal weight operator for G = U(n2 ), computed by formula (3.11),
are: wi,− = −λi + i − n, wi,+ = λi − i + 1, for i = 1, . . . , n. By Proposition 3.6, these are
the conformal weights of the corresponding U(n2 )-generalized gradients, the holomorphic and
anti-holomorphic gradients. In [12] they are called Ka¨hlerian gradients, since if the metric
is Ka¨hler, the U(n2 )-structure is integrable and its minimal connection coincides with the
Levi-Civita connection.
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3.2. The Classical Conformal Invariance. We notice that the conformal invariance in the
classical case of generalized gradients defined by the Levi-Civita connection on a Riemannian
(spin) manifold, which was obtained by Fegan, [7], can be now recovered as a special case of
Propositions 3.6 and 3.7, considering G = SO(n) (respectively G = Spin(n)).
Let (M,g) be a Riemannian metric and G = SO(n). The minimal connection of the SO(n)-
structure is equal to the Levi-Civita connection and the corresponding generalized gradients,
defined by (2.4), are the following (here we specify the metric g in the notation, because we
shall compare operators associated to different metrics):
P g,λε = Πε ◦ ∇
g,λ, (3.16)
where ∇g,λ is the connection induced on VλM by the Levi-Civita connection ∇
g of (M,g). We
denote by c the conformal class of the metric g and consider the conformal manifold (M, c).
For any conformal weight w, each relevant weight ε of λ determines a family of generalized
gradients, parametrized by the Weyl structures, acting on sections of the associated vector
bundle Vλ˜M (with λ˜ = (λ,w)):
PD,λ˜ε = Πε ◦D
λ˜, (3.17)
where Dλ˜ is the connection induced on Vλ˜M by a Weyl connection D of (M, c), and Πε the
projection of T∗M⊗ V(λ,w)M onto its subbundle V(λ+ε,w−1)M .
The generalized gradient P g,λε is thus conformally invariant relative to the weight w if the
operators PD,λ˜ε defined by (3.17) do not depend on the Weyl structure D.
The conformal weight operator defined by (3.8) simplifies for a representation λ of SO(n),
λ : SO(n)→ Aut(V ), as follows:
Bλ : (Rn)∗ ⊗ V → (Rn)∗ ⊗ V, Bλ(α⊗ v) =
n∑
i=1
e∗i ⊗ dλ(ei ∧ α)v, (3.18)
The Casimir operator defined by (3.9) also simplifies for an SO(n)-representation λ as follows:
Cλ = −
∑
i<j
dλ(ei ∧ ej) ◦ dλ(ei ∧ ej) (3.19)
and the Casimir numbers are computed by Freudenthal’s formula: c(λ) = 〈λ, λ + 2δ〉, where
the components of δ, the Weyl vector of so(n), are δi =
n−2i
2 , for i = 1, . . . ,m. Fegan’s Lemma
then yields the following values of the conformal weights:
w0(λ) =
1− n
2
, wi,+(λ) := wεi(λ) = 1+λi−i, wi,−(λ) := w−εi(λ) = 1−n−(λi−i). (3.20)
Remark 3.9. Formulas (3.20) together with the conditions on the weights to be relevant
show that the conformal weights are ordered as follows:
w1,+(λ) > · · · > wm,+(λ) > w0(λ) ≥ wm,−(λ) > · · · > w1,−(λ),
if n is odd, n = 2m + 1, and w0(λ) = wm,−(λ) if and only if λm = 0. However, from the
selection rule given by Lemma 2.1, it follows that this equality case cannot occur for relevant
weights, since if λm = 0, then neither w0 nor wm,− is a relevant weight. For n even, n = 2m,
the conformal weights are ordered as follows:
w1,+(λ) > · · · > wm−1,+(λ) > {wm,+(λ), wm,−(λ)} > wm−1,−(λ) > · · · > w1,−(λ),
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where wm,+(λ) − wm,−(λ) = 2λm, so that wm,+(λ) 6= wm,−(λ) unless λm = 0. Hence, the
conformal weights are almost always distinct. It follows that, except for the cases of irreducible
representations λ with λm = 0, the decomposition (2.2) corresponds exactly to the eigenspaces
of the conformal weight operator Bλ, which may be expanded as: Bλ =
∑
ε⊂λ
wε(λ)Πε.
Propositions 3.6 and 3.7 yield then for G = SO(n) the following classical result (Fegan, [7]):
Proposition 3.10. Any generalized gradient P g,λε is conformally invariant relative to the
weight wε and this is the only weight with respect to which P
g,λ
ε is conformally invariant.
With respect to two conformally related metrics g and G¯, g¯ = e2ug, the conformal invariance
relating the corresponding generalized gradients is expressed in the following form:
P g¯,λε ◦ φ
g,g¯
wε = φ
g,g¯
wε−1
◦ P g,λε , (3.21)
where, for any weight w, φg,g¯w is the isomorphism between the induced vector bundles defined
by: φg,g¯w : V
g
λM → V
g¯
λM, [(e1, . . . , en), v] 7→ [(e
−ue1, . . . , e
−uen), e
wuv].
The relation (3.21) expressing the conformal invariance of the generalized gradients may be
rewritten in the following form, which is usually encountered in literature:
P g¯,λε = e
(wε−1)uφg,g¯ ◦ P g,λε ◦ e
−wεu(φg,g¯)−1, (3.22)
using the following identification of the associated vector bundles that does not use any weight,
but has the advantage of being an isometry: φg,g¯ : V gλM → V
g¯
λM, [s, v] 7→ [Φ
g,g¯(s), v], where
Φg,g¯ is the isomorphism (3.6).
Remark 3.11. If V is not just a representation of SO(n), but is the restriction of a represen-
tation of the general linear group GL(n,R), then, as noticed above, V has a natural weight
given by the restriction of the representation to CO(n) ⊂ GL(n,R). In this case, one may
canonically identify the associated bundles to this representation and to the principal bundles
SOgM , SOg¯M and COnM . When both representations of highest weight λ and λ + ε come
from representations of GL(n,R), the corresponding generalized gradients associated to the
conformally related metrics g and g¯ are related as follows (after having identified the associated
vector bundles to the ones associated to COnM):
P g¯,λε = e
(wε−ωλ+ε−1)uP g,λε e
−(wε−ωλ)u, (3.23)
where wε is the conformal weight and ωλ, ωλ+ε are the natural weights of λ and λ+ ε.
Example 3.12 (Generalized Gradients on Differential Forms, continued). The conformal
weights of the generalized gradients corresponding to the three relevant weights of the irre-
ducible representation λp are given by (3.20) as follows: wp,−(λp) = −n+ p, wp+1,+(λp) = −p
and w1,+(λp) = 1. The relation (3.23) implies that the conformal invariance of these gen-
eralized gradients, acting on the vector bundles associated to COnM , may be expressed as
follows:
dg¯ = dg, δg¯ = e(−n+2p−2)uδge(n−2p)u.
The first equality just expresses the obvious fact that the exterior derivative d is independent
of the metric. The conformal invariance of the twistor operator is given by substituting
wε = w1,+(λp) = 1 into (3.22): T
g¯ = φg,g¯ ◦ T g ◦ eu(φg,g¯)−1.
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If (M,g) is a spin manifold, the class of associated bundles is enriched by the irreducible
Spin(n)-representations parametrized by the dominant weights λ ∈ (12 + Z)
m and the corres-
ponding generalized gradients are also conformally invariant. The situation is very similar to
the one for the group SO(n), since their Lie algebras are canonically identified. In the sequel
we write down explicitly this property of conformal invariance on spin manifolds and illustrate
it for the most interesting operators: the Dirac operator, the twistor (or Penrose) operator
and the Rarita-Schwinger operator.
The approach is analogous to the one for the special orthogonal group, using in this case
the Weyl structures on a conformal spin manifold. We recall that the conformal spin group
is the group CSpin(n) = Spin(n) × R∗+, which is the universal cover of the conformal group
CO(n). Its Lie algebra is cspinn
∼= son⊕R ∼= co(n). A spin structure on a conformal manifold
(M, c) is given by a principal CSpin(n)-bundle CSpinnM together with a projection θ, such
that the following diagram commutes for every u˜ ∈ CSpinnM :
CSpin(n)
a7→u˜a //
φ

CSpinnM
θ

**UUU
UU
U
M,
CO(n)
A 7→θ(u˜)A
// COnM
44iiiiiii
where φ is the canonical projection of CSpin(n) onto CO(n).
If M has a spin structure, then any Weyl structure D on COnM induces a connection
on CSpinnM , and therefore a covariant derivative on each associated vector bundle to a
representation of CSpin(n). The description of the representations of CSpin(n) is analog to
the one for CO(n): each irreducible representation λ˜ of CSpin(n) is given by a couple (λ,w),
where λ is the restriction of λ˜ to Spin(n), which is still an irreducible representation, and w,
the weight of λ˜, is determined by the restriction of λ˜ to R∗+: λ˜(a) = a
w · I. Definition 3.2 of
conformal invariance relative to a weight may be thus carried over to generalized gradients
of Spin(n). Since the formula (3.18) defining the conformal weight operator Bλ only involves
the representation of the Lie algebra spin(n) ∼= so(n), it is the same for the group Spin(n).
Consequently, its eigenvalues, the conformal weights, are also given by (3.20).
Let (Mn, g) be a Riemannian spin manifold and consider the conformal change of the metric
given by g¯ = e2ug. Then there is a spin structure induced on (Mn, g¯), which is defined up to
isomorphism by the following commutative diagram:
SpingM
Φ˜g,g¯ //
θg

Sping¯M
θg¯

SOgM
Φg,g¯
// SOg¯M
.
Proposition 3.10 also holds for Spin(n)-generalized gradients, with the only difference that for
any weight w, the isomorphism φg,g¯w is replaced by the following isomorphism between vector
bundles associated to Spin(n)-representations: φ˜g,g¯w : V
g
λM → V
g¯
λM, [s, v] 7→ [Φ˜
g,g¯(s), ewuv].
Example 3.13 (Dirac and Twistor Operator, continued). The two Spin(n)-generalized gra-
dients, the Dirac operator and the twistor operator, acting on the spinor bundle ΣnM , with n
odd, are conformally invariant relative to the weight w0(ρn) =
1−n
2 , respectively w1,+(ρn) =
1
2 ,
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which are computed by (3.20). If g and g¯ are two conformally related metrics, g¯ = e2ug, by
(3.22) we have:
Dg¯ ◦ φ˜g,g¯1−n
2
= φ˜g,g¯
− 1+n
2
◦Dg, T g¯ ◦ φ˜g,g¯1
2
= φ˜g,g¯
− 1
2
◦ T g.
In the case when n is even, n = 2m, the corresponding generalized gradients, the Dirac
and the twistor operator, acting on positive and negative spinors: D : Γ(Σ±M) → Γ(Σ∓M)
and T : Γ(Σ±M) → Γ(ker(c)) are conformally invariant relative to the conformal weights
wm,−(ρ
+
n ) =wm,+(ρ
−
n ) =
1−n
2 , respectively w1,+(ρ
+
n ) = w1,+(ρ
−
n ) =
1
2 (computed by (3.20)).
Remark 3.14. In a simplified notation we consider:
·¯ : ΣM = SpingM ×ρn Σn → ΣM = Sping¯M ×ρn Σn, [s, ϕ] 7→ [Φ˜
g,g¯(s), ϕ],
which is an isometry with respect to the Hermitian product on the spinor bundles. We may
then rewrite the conformal invariance of D and T in the following more familiar expression
(where D and T denote the operators associated to the metric g¯):
D(e−
n−1
2
uϕ¯) = e−
n+1
2
uDϕ, T (e
u
2 ϕ¯) = e−
u
2 Tϕ.
We mention that the conformal invariance of T is usually written in the following form:
TX(e
u
2 ϕ¯) = e
u
2 TXϕ, where TX :Γ(ΣM)→Γ(ΣM), so that on the right side is the same weight
1
2 .
The conformal invariance of these operators was first established by Hitchin, [10]. The original
proof is given by an explicit computation, using the following relation between the connections
induced on the spinor bundles by the Levi-Civita connections of two metrics g and g¯ = e2ug
in the same conformal class: ∇Xϕ = ∇Xϕ−
1
2X · du · ϕ−
1
2X(u)ϕ, for every ϕ ∈ Γ(ΣM) and
X ∈ Γ(TM), where X is given by X = e−uX.
Example 3.15 (Rarita-Schwinger Operator, continued). It follows from (3.20) that the
Rarita-Schwinger operator is conformally invariant relative to the same conformal weight as
the Dirac operator. Namely, for n odd we get: w0((
3
2 ,
1
2 , . . . ,
1
2 ,
1
2)) =
1−n
2 , and for n even,
n = 2m: wm,−((
3
2 ,
1
2 , . . . ,
1
2 ,
1
2)) = wm,+((
3
2 ,
1
2 , . . . ,
1
2 ,−
1
2)) =
1−n
2 . Thus, the Rarita-Schwinger
operator fulfills the following relation at conformal changes of the metric (with the notations
in Remark 3.14, while here the sections ϕ and ϕ are in the twistor bundles associated to the
principal bundle SpingM , respectively Sping¯M):
D3/2(e
−n−1
2
uϕ¯) = e−
n+1
2
uD3/2ϕ. (3.24)
3.3. Consequences. The conformal invariance of G-generalized gradients has the following
straightforward, but important consequences:
Corollary 3.16. Let (M,g) be a Riemannian manifold admitting a G-structure, for a sub-
group G ⊆ SO(n). Then the dimension of the kernel of any G-generalized gradient PG,λε ,
dim(ker(PG,λε )), is the same for all metrics conformally related to g.
There are many interesting geometric objects that may be defined as sections in the kernel
of G-generalized gradients. For instance, considering the bundle of p-forms and the generalized
gradients in Example 2.3, we obtain as sections in their kernel the following forms: closed forms
(for d), co-closed forms (for δ) and conformal Killing forms (for T ). A study of the latter, in
particular examples of conformal Killing forms on nearly Ka¨hler and weak G2-manifolds, was
given by Semmelmann, [21]. If we consider the spinor bundle, as in Example 2.4, we have as
sections in the kernel of the Dirac operator the so-called harmonic spinors and in the kernel
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of the twistor operator the so-called twistor spinors. On a Ka¨hler manifold such examples
are provided by the so-called Ka¨hlerian twistor spinors, which are defined as sections in the
kernel of the U(n2 )-generalized gradient called Ka¨hlerian twistor operator (see [19]).
An important application of Corollary 3.16 is the construction of non-trivial solutions in
the kernel of G-generalized gradients starting from trivial ones, given for instance by parallel
sections, which are well understood in terms of the holonomy representation. More precisely,
any section of an associated irreducible vector bundle, which is parallel with respect to the
minimal connection of the G-structure, induces a non-parallel section in the kernel of the
G-generalized gradient of the conformally related G-structure. In the classical case, when
considering the Levi-Civita connection, from parallel sections for a metric g we obtain sections
in the kernel of generalized gradients defined by a conformally related metric to g.
More generally, one may relate sections in the kernel of a generalized gradient to objects
satisfying a more restrictive equation. Such an example is provided by the conformal relation
between twistor and Killing spinors (see [8]), which together with the classification of manifolds
admitting Killing spinors established by Ba¨r, [1], yields a description of the manifolds carrying
twistor spinors.
It turns out that the formal adjoints of generalized gradients are again generalized gradients
and the following holds:
Corollary 3.17. If PG,λε is a G-generalized gradient with conformal weight wε(λ), then its
formal adjoint PG,λ+ε−ε is conformally invariant with respect to the conformal weight w−ε(λ+ε).
Remark 3.18. We notice that in general it is not straightforward to construct higher order
conformally invariant differential operators composing first order ones. The composition of two
generalized gradients is not usually conformally invariant, unless the corresponding conformal
weights are related by wε2(λ+ε1) = wε1(λ)−1, in which case the composition P
G,λ+ε1
ε2 ◦P
G,λ
ε1 is
a second order conformally invariant differential operator. An interesting particular case is the
one when a generalized gradient is composed with its formal adjoint. For instance, the above
condition is not fulfilled for the Laplace operator ∆ acting on p-forms: it follows that dδ acting
on p-forms is conformally invariant if and only if p = n2 + 1 and similarly δd is conformally
invariant if and only if p = n2 − 1, showing that ∆ = dδ + δd is not conformally invariant.
Instead, the Laplace operator might be modified by the scalar curvature in order to make it
conformally invariant. More precisely, the following formula Yg = 4
n−1
n−2∆g + scalg defines the
so-called conformal Laplacian or Yamabe operator on an n-dimensional Riemannian manifold
(M,g), for n ≥ 3, which plays a crucial role in the solution of the Yamabe problem of finding
a metric of constant scalar curvature in a given conformal class on M .
We finally mention that the importance of G-generalized gradients also comes from the
fact that they naturally give rise, by composition with their formal adjoints, to second order
differential operators acting on sections of associated vector bundles. Particularly important
are the extreme cases of linear combinations of such second order operators: if the linear
combination provides a zero-order operator, then it is a curvature term and one obtains a so-
called Weitzenbo¨ck formula (systematic approaches to the study of these formulas are provided
by Homma, [13], and by Semmelmann and Weingart, [22]); if the linear combination is a second
order differential operator, then it is interesting to determine when it is elliptic (a complete
classification of these elliptic operators for the structure groups SO(n) and Spin(n) has been
given by Branson, [3]).
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Table 1. Conformal weights of G-generalized gradients
dim(M) Group Geometry Highest weight Conformal Weights
2m
Spin(2m) (spin) λ = (λ1, . . . , λm) ∈ Z
m ∪ (12 + Z)
m wi,− = 1− 2m− λi + i, i = 1,m
SO(2m) oriented Riemannian λ1 ≥ · · · ≥ λm−1 ≥ |λm| wi,+ = 1 + λi − i, i = 1,m
2m+ 1
Spin(2m+ 1) (spin) λ = (λ1, . . . , λm) ∈ Z
m ∪ (12 + Z)
m w0 = −m
SO(2m+ 1) oriented Riemannian λ1 ≥ · · · ≥ λm ≥ 0 wi,− = −2m− λi + i, i = 1,m
wi,+ = 1 + λi − i, i = 1,m
2m
SU(m) (special) λ = (λ1, . . . , λm) ∈ Z
m wi,− = −λi + i−m, i = 1,m
U(m) almost Hermitian λ1 ≥ · · · ≥ λm wi,+ = λi − i+ 1, i = 1,m
4m Sp(m)
almost λ = (λ1, . . . , λm) ∈ Z
m wi,− = −λi + i− 2m− 1, i = 1,m
hyper-Hermitian λ1 ≥ · · · ≥ λm ≥ 0 wi,+ = λi − i+ 1, i = 1,m
4m Sp(1)·Sp(m)
almost β ∈ Z, λ = (λ1, . . . , λm) ∈ Z
m w±,i,− = 1/2(−λi ± β/m+ i− 2m− 1− 1/m± 1/m),
quaternion-Hermitian β ≥ 0, λ1 ≥ · · · ≥ λm ≥ 0 w±,i,+ = 1/2(λi ± β/m− i+ 1− 1/m± 1/m), i = 1,m
7 G2 G2-structure
λ = (λ1, λ2) ∈ Z
2 w1,± = −(5/3 ∓ 5/3) ± 1/3(2λ1 + λ2)
λ1 ≥ λ2 ≥ 0 w2,± = −(5/3 ∓ 4/3) ± 1/3(λ1 + 2λ2)
w3,± = −(5/3∓ 1/3) ± 1/3(λ1 − λ2)
8 Spin(7) Spin(7)-structure
w1,± = −(9/4 ∓ 9/4) ± 1/2(λ1 + λ2 + λ3)
λ = (λ1, λ2, λ3) ∈ Z
3 w2,± = −(9/4 ∓ 7/4) ± 1/2(λ1 + λ2 − λ3)
λ1 ≥ λ2 ≥ λ3 ≥ 0 w3,± = −(9/4 ∓ 3/4) ± 1/2(λ1 − λ2 + λ3)
w4,± = −(9/4 ∓ 1/4) ± 1/2(λ1 − λ2 − λ3)
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